THE UPPER BOUND OF FROBENIUS RELATED LENGTH FUNCTIONS 



JINJIA LI 



Abstract. In this paper, we study the asymptotic behavior of lengths of Tor modules of 
homologies of complexes under the iterations of the Frobenius functor in positive characteristic. 
We first give upper bounds to this type of length functions in lower dimensional cases and 
then construct a counterexample to the general situation. The motivation of studying such 
length functions arose initially from an asymptotic length criterion given in [D4] which is a 
sufficient condition to a special case of nonnegativity of x°o- We also provide an example to 
show that this sufficient condition does not hold in general. 



INTRODUCTION AND NOTATIONS 

In this paper, (A, m, k) will be a complete local ring of characteristic p > 0, m its maximal 
ideal, k = A/m and k is perfect. By a free complex we mean a complex F, = (Fi,di)i>o 
(• • • — > F2 F\ — + F$ — ► 0) of finitely generated free A- modules. We define codimension 
of M to be dim A — dimM (denoted by codim M) for any ^4-module M. The Frobenius 
endomorphism Ja '■ A — ► A is defined by /a(^) = f p for r € A. Each iteration /2 defines a new 
A- module structure on A, denoted by * A for which a ■ b = dP n b. Write F^(M) for M ®a ^A 
and F^(F,) for F, <S>a ^"A. We drop the subscript A when there is no ambiguity. 

In [Dl], Dutta introduced the following definition of Xoo- 

Definition. Let R be a local ring in characteristic p > 0. Let M and N be two finitely 
generated modules such that l(M (g>_R N) < 00 and proj dimM < 00. Define 

Xoo(M,N)= lim X (F n (M),N)/p ncodimM . 



Xoo plays an important role in the study of intersection multiplicity x defined by Serre ( [S] ) , 
especially in the non-smooth situation. For example, over complete intersections, Xoc(M, N) = 
x(M,N) when both M and are of finite projective dimension ([D4], Corollary to Theorem 
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1.2). Thus the positivity (or nonnegativity) of Xoo settles the positivity (respectively, nonneg- 
ativity) conjecture of \ over complete intersections. 

Our main object is to examine the following sufficient condition for the nonnegativity of Xoo^ 
([D4], Corollary 1 to Theorem 2.2) 

Theorem (Dutta). Let R be a local Gorenstein ring in characteristic p > 0. Let M and N be 
finitely generated modules of finite projective dimensions such that £(M (g> N) < oo. Suppose 
dimM + dimiV = dimR, dimiV = depths + 1 = s and dimM = depth M + 1 = 2. Then 
Xoc(M,N)>0, if 

(1) lim ^(Ext 3 (iV, R) ® H^(F n (Ext s+1 (M, R))) v )/p ns = 0. 

n^oo 

Note here proj dim M = s + 1 and proj dim N = 3 by Auslander-Buchsbaum formula, and 
these Exts are the natural duals under the generalized "Matlis" duality. 

This study led us to investigate the asymptotic behavior of l(Tor^(Hi(F n (F 9 )), AT)), where 
F, is a free complex with homologies of finite length. (F m is not necessarily a bounded complex 
here!). 

In [D3], Dutta established that 

^(Tor/(^(F"(F.)),7V)) < C ijP ndimN 

when codimiV = 1 ([D3], Proposition 1.3). Naturally, one can ask whether this inequality 
is still valid when iV has higher codimension. Investigation of the length condition (1) raises 
the same question. The expectation was that the same inequality should hold in general for 
any N, namely, £(Torf(Hi(F n (F,)), N)) < Cijp ndiTaN . A positive answer to this question in 
codimension 3 would yield an affirmative answer for (1). However, our investigation revealed 
that one can only extend this for codimiV < 2. 

The following result in section 1 shows that one can extend this inequality for codim N < 2. 

Theorem (Corollary 1.3 in section 1). Let F, be a free complex with homologies of finite 
length over a Cohen-Macaulay local ring A. Let N be a finitely generated A-module such that 
codim N < 2. Then there exist constants Cij 's, such that 

^(Tor/(^(F"(F.)),iV)) < C tlP ndimN 

for all i,j>0 

When codim N = 3, we provide a counterexample in section 2. This counterexample in turn 
leads to us our main theorem in section 3. 
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Main Theorem (Theorem 3.2 in section 3). Let R = K[[X,Y,U,V]]/(XY - UV) where K 
is a field of characteristic p > and X, Y , U, V are indeterminates. There exist finitely 
generated modules M , N over R as in the above theorem with s = 1, such that the sufficient 
condition (1) for nonnegativity of \oo fails to hold. 

Nevertheless, this counterexample does not give a negative \oo- 



We first state a proposition due to Seibert ([Se], Proposition 1, section 3) which plays a 
crucial role in our proof. 

Proposition 1.1 (Seibert). Let F 9 be a free complex over A with homologies of finite length 
and N be any finitely generated A-module. Then there exist constants Cj 's such that 

e(H l {F n (F.) ® A N))< C iP ndimN 

The following is our first result which generalizes a result due to Dutta ([D3], Proposition 
1.3). 

Proposition 1.2. Let F, be a free complex with homologies of finite length over A. Let N be 
A/xA or A/(x,y) where {x} or {x,y}, respectively, forms a regular sequence. Then there exist 
constants Cij 's, such that 

(2) ^(Tor/(i^(F"(F.)),A0) < C ijP ndimN 

for all i,j > 0. 

The following special lemma has been used repeatedly in the proof of Proposition 1.2. We 
leave the proof as an exercise for the reader. 

Special Lemma. Let A be a local ring and M be a module over A such that £(M) < oo. 
Suppose x is A-regular. Then 

£(Toty{M, A/xA) = 1{M ® A (A/xA)) 

Proof of Proposition 1.2. We write A = A/xA and F, = F, ®a A. 
Case 1 . N = A/xA. 

This case has already been demonstrated in [D3] in a more general set up. (See the proof of 
Proposition 1.3 in [D3], although the official statement there is in the form of limit). We give 
a simple proof of this case anyway for completeness. 
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Since proj dim N = 1, 

Torf(H z (F n (F.)),N) =0 
for j > 2 and by the special lemma 

^(Tor^(i^(F.)), AO) = emF^F.)) ® A N). 
Thus it suffices to prove the result for j = 0. 

If i = 0, since Ho(F n (F.))<g>N = Ho(F n (F.)<g>N), we get the desired inequality by Proposition 
I.I. 

If i > 1, since F2(F 9 ) ®a A = F^(F,), there is a short exact sequence of complexes 

-> F n (F.) A F n {F.) -> F-^i^) -► 0. 
Taking the associated long exact sequence of homologies, we get 

■ • • - Hi(F n (F,)) A Hi(F n (F,)) -> Hi{F%(F.)) - H^{F n {F.)) ->■•.. 
It yields the following short exact sequence 

(3) - Hi(F n (F,)) ® A/xA - Hi(F^(F.)) - (0 : x) Hi _ l( F»(F.)) - 
for i > 1. So, 

e(Hi(F n (F.)) A/xA) < e(Hi(F%(K))) 
and again, the desired inequality follows from Proposition 1.1 with ./V = A 

Cage g . AT = A/(x,y). 
In this case, since proj dim iV = 2, 

Tor/(i7 i (F"(F.)),7V) = 
for j > 3. By a result due to Serre ([S], Theorem 1, Chapter IV), 

2 

^(-l)^(Tor/(^(F«(F.)),iV)) = x^GF^F.)), AO) = 0- 

i=o 

Hence, it is enough to prove the result for j = and 1. 
Tensor (3) with A/(x,y) (~ A/yA) over A We obtain 

• • • - Tor?((0 : A/yA) -> Hi(F n (F,)) ® A A/(x,y) -> 

(4) -> Hi{F^(T.)) ®^A/yA - (0 : ar)^.,^^.)) ® z A/yA - 
for i > 1. It follows that 

£(^(F"(F.)) ®a A/(x,y)) 

<^(Tor?((0 : x) Hi _ 1 (Fn(F.)),A/yA)) + i(Hi{F^{F\)) ®^A/yA). 
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Notice that by the special lemma 

^(Toif ((0 : x) H ._ l{F n {F . )) ,A/yA)) = £((0 : x) Hi _ l{F ^ F .)) ®j[A/yA) 
and from the above long exact sequence (4) 

*((0 : x) Hi _ l[Fn[Fm)) ®^A/yA) < ^(F^T.)) ^A/yA). 

Hence 

® A A/(x,y)) < 2£{H i {F%{F.)) ^A/yA) 
Therefore by case 1, we are done for j = 0. 

Finally, for j = 1, we use the following spectral sequence obtained by base change, 
Torj(Torf (H t (F n (F.)),A),A/yA) Tor^iT^F.)), A/(x, y)). 

It follows that 

l(Tk>T£(Hi(ir(F.)),A/(x,y))) 

<e(ToTt(To4mF n (F.)),A),A/yA)) 

+ £(To4(Torf(H l (F n (F.)),A),A/yA)) 
=£(H i (F n (F.))®A/(x,y)) 

+ £{To4{Hi{F n {F.)),A) ® A/(x, y)). 

The last equality here is by the special lemma again. 

Since x is A-regular, Tor^(.ffj(F n (F.)), A) ~ (0 : x) H .( F n( F ^y Therefore by (3), we have a 
surjection 

H i+1 (F%(FZ))®A/(x,y) - Tbrftfl^F.)), A) ® A/(x,y). 

Thus, 

£(TortmF n (F.)),A/(x,y))) 

<^(F"(F.)) ® A/(z, y)) + ® A/(x, y)). 

Both of the terms on the right hand side of the above inequality are bounded by a constant 
times p ndimN by the j = case, and so we are done for j = 1 which finishes our proof. □ 

Corollary 1.3. Let A be a Cohen- Macaulay local ring and let F 9 be as in Proposition 1.2. Let 
N be a finitely generated A-module such that codimiV < 2. Then there exist constants Cij's, 
such that 

£(Tovf(Hi(F n (F.)),N)) < C ljP ndimN 

for all i, j > 
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Proof. Suppose codim./V = h, h = 1 or 2. Then Ann^iV contains an yl-regular sequence 
{xi,...,Xh}- We have the following short exact sequence, 

0^Q^(A/(x 1 ,...,x h )) t ^ N^O 

Tensoring the above short exact sequence with Hi(F n (F,)), we get a long exact sequence 

• • • ^ Torf((A/( Xl , ...,x h ))\ Hi(F n (F,))) - Tor/ (AT, H t (F n (F.))) -Q® H % {F n (F.)) -> 

-> (A/(xi, ...,x ft ))* ® Hi(F n (F.)) ^N® Hi(F n (F,)) -> 0. 
By Proposition 1.2 and induction on j, we obtain the desired inequality. □ 

Remark 1.4. If A is a regular local ring, since the functor F n (—) is exact ([K], Theorem 
3.3), Tor f(Hi(F n (F.)),N) ~ Tor/ (F n (Hi(F.)), N). Thus by Proposition 1.1 the inequality in 
Proposition 1.2 hold for any finitely generated A-module N . 

2. 

Now, we demonstrate an example to show that the inequality (2) in Proposition 1.2, as well 
as the one in Corollary 1.3, can fail when codimiV = 3. 

We first state two standard facts in commutative algebra which will be used in the proof of 
Proposition 2.4. 

Fact 2.1. Let R be a finitely generated algebra over a field K and M be a finitely generated 
R-module. Let m be a maximal ideal of R. Suppose SuppM = {m} and K ~ R/m via 
the natural map. Then £r(M) = dim^-M. Here dim^ M denote the dimension of M as a 
K -vector space. 

Fact 2.2. Let R be a commutative ring and M be a finitely generated R-module. Let R m be 
the m-adic completion of R m where m is a maximal ideal of R. If Supp R M = {m}, then 

i R {M) = e Rm (M m ) = e ir (Mn). 

Lemma 2.3. Let R = K[X,Y, U, V]/(XY — UV) where K is a field of characteristic p > 
and X , Y , U, V are indeterminates. Consider K as a module over R in the obvious way. 
Then Horn^-fT, F^(K)) is a K-vector space and 

dim K Rom R (K,F^(K))>p n 

Proof. To simplify our notations, we use x,y,u,v to denote the images of X, Y, U, V respectively 
in any quotient ring of K[X, Y, U, V] if there is no confusion about that ambient quotient ring. 
HoniR (K, F^(K)) is a if-vector space consisting of all the elements of F^(K) which are killed 
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by the maximal ideal (x,y,u,v). Let A = {x pn ~ 1 y t u p "~ 1 ~ l \0 < i < p n — 1}, which is a subset 



(x pn , y pn , ?7 pn , v pn , XY - UV) 

It is easy to verify that A C Horn/; (K, F^(K)). We will show that elements in A are linearly 
independent over K which gives us the desired inequality. 



Let {Aj}o<i< p i-i be elements in K such that 

P n -i 

(5) ^A,/"-V^ ! = 0GF]|(K). 

i=0 

Let 

K[X,Y,U,V] 



(X p " ,Y P " ,U pn ,V P "' 

Then R = S/{xy — uv). Lift the relation (5) to a relation in S. Since S is a if- vector space 
with basis {x l y^u k v l \Q < k, I < p n — 1 }, we obtain 

P n -i 

(6) Yl WW -1- ' = ( J] /'> ,,,-'V»Vh.'7/ - H G 5, 

i=0 0<2j,fc,/<p n -l 

where the a. . , , are elements of if. Define 



Xj, ifi=p n -l,j + k = p n -l&ndl = 0, 
0, otherwise. 



We also define fj, i . fc , = if one of i, j, fc, / is negative. 

By comparing the coefficients on both sides of (6), we obtain that 

\,j,k,i = Mi-ij-i,*,! - Pi,j,k-i,i-i > V *> i. k,l<p n -l. 
Using the above formula repeatedly, noticing that X i . k , = if i < p n — 1, we get 

= fJ-p n -2,i-l,p n -l-i,0 + 
= Hpn-3 ,i-2,p n -i,l 
= ^ p n-4,i-3,p n -i+l,2 



— Mp™-i-l,0,P™-2,i-l 

= 



for all i = 0, 1, p n - 1. 



□ 
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The following is an example where the inequality (2) in Proposition 1.2 fails when codim N = 
3. The complex F, is taken to be a free resolution of K and i = 0. 

Proposition 2.4. Lei R = K[[X,Y,U,V]]/(XY — UV) where K is a field of characteristic 
p > and X, Y , U, V are indeterminates. Then 

£(To4(F n (K),R/(x, y,u + v))) > p n . 

Proof. Since {x, y, u + v} forms an /^-sequence, it follows that 

Tor* (F n {K), R/(x, y,u + v)) ~ Rom R (R/(x, y,u + v), F n (K)). 

Since there is a surjection R/(x,y,u + v) -» K, by applying Hom.u(—,F n (K)), we obtain a 
injection 

Rom R (K, F n (K)) — Ho mi? (i?/(x, y, « + «), 
From Fact 2.1, Fact 2.2 and Lemma 2.3, we have 

e(Rom R (K,F n (K)))>p n . 

Therefore 

e(Tor§(F n (K),R/(x, y,u + v))) > p n . 

□ 

Remark 2.5. Using the same method one can show that over the hyper surf ace ring R = 
K[[X 1 ,...,X t ,Y 1 ,...,Y t ]]/(Y,Ui x i Y i)> Z{Kom R {K,F n {K))) is unbounded. 



3. 



In [D4], Dutta gave an asymptotic length condition over Gorenstein local rings of positive 
characteristic for the nonnegativity of Xoo(M, N) when dimM = 2. In this section, we will 
construct examples to show that over the local hypersurface R discussed in Corollary 2.4, this 
length condition fails to hold. 

Let R be a local ring in characteristic p > 0. Let M and N be two finitely generated modules 
such that £(M ® R N) < oo, dimM + dimiV < dimi? and projdimM < oo. In [Dl], Dutta 
defined 

XoD (M,N)= lhn X (F n (M),N)/p ncodimM . 

n — >oo 

For properties of Xoo> see [Dl, D2, R, Se]. Dutta [D4] established the following criterion for 
nonnegativity of Xoo over a local Gorenstein rings of positive characteristic. 
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Theorem 3.1 (Dutta). Let R be a local Gorenstein ring in characteristic p > 0. Let M and N 
be finitely generated modules of finite projective dimension such that l(M (g) N) < oo. Suppose 
dimM + dimiV = dimR, dimiV = depth N + 1 = s and dimM = depth M + 1 = 2. Then 
Xoo(M,N)>0, if 

lim £(Ext 3 (N,R)^H^(F n (Ext s+1 (M, R))) v )/p ns = 0. 

n^oo 

Here, (— ) v denotes the Matlis duality Hom^(— , E) where E is the injective hull of the residue 
field of R. 

The following is an example where the length criterion in Theorem 3.1 fails. 

Theorem 3.2. Let R = K[[X, Y, U, V]]/(XY - UV) where K is a field of characteristic p > 
and X , Y , U , V are indeterminates. There exist finitely generated modules M , N over R 
satisfying the conditions in Theorem 3.1 such that 

lim ^(Ext 3 (iV, R) H^(F n (Ext 2 (M, R))) y )/p n > 0. 

Proof. We are going to construct modules M and N satisfying the conditions in Theorem 3.1 
with s = 1, such that Ext 2 R (M, R) ~ K and Ext|(AT, R) ~ K. 

Let x, y, u, v denote the images of X, Y, U, V in R. Take a minimal free resolution of K 
over R 

where <f> can be written as a matrix [x, y, u, v] with respect to the standard bases for i? 4 and R. 
Let (— )* denote Hom^(— ,R). Apply (— )* to the above exact sequence. Since depth R = 3, 
K* = and we obtain the following exact sequence 

where M' = coker^*. Let {ei, e2, e3, 64} be a standard basis for R 4 , it follows that M' = 
R 4 /R(xei + ye.2 + ue% + ve^). Note that if r G AmiR M', then there exists an a £ R such that 

r(ei + e 2 + e 3 + e 4 ) = o(xei + ye 2 + ue 3 + t>e 4 ). 

It follows that ax = ay = r. But R is a domain and 1 / j/ in i?, thus r = 0. Therefore 
AmiRM' = (0) whence dimM' = dimR = 3. Moreover, since Ext^K, R) = 0, M' = Imip*, 
which is a submodule of R t and therefore torsion-free. Hence, x G R is a non zero divisor on 
AT'. 

Let M = M'/xM' = R A /(xR 4 + i?(xei + ye 2 + ne 3 + ve 4 )). It follows that dimM = 2. 
One can also prove that proj dim M = 2 since proj dim M' = 1 and x is both M'-regular and 
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i?-regular. Therefore by Auslander-Buchsbaum formula, depth M = 1. Moreover, 

Ext|(M, R) ~ Ext^M', i?) ~ A. 

In order to construct A, let R = R/(y,u + v). Then dimi? = 1, depthi? = 1. Take a 
minimal resolution of K over R 

R 2 ^ R -» A/ -► 0. 

Apply Hom^(-, i?). Let A = coker (* and we obtain a free resolution of A over R 

^R^Tf -» iV -> 0. 

Use a similar argument as before, Ann^A = (0). Hence dim^A = 1, projdim^A = 1 and 
depth^A = 0. Therefore diniRA = 1, depth^A = and projdim^A = 3. Note that 
i{M <S>r A) < oo since the annihilator of M <Sir A contains (x, y,u + v) which is primary to 
the maximal ideal (x,y,u,v). Moreover, Ext^(A, R) ~ Ext^(A, R) ~ K. 

Finally, to check 

lim £(Ext 3 (A, R) ® F^(A n (Ext 2 (M, R))Y)/p n > 

n^oo 

It is enough to notice that 

£{Ext 3 {N, R) ® i^(A"(Ext 2 (M, i?))) v ) 
=^((Ext 3 (A, i?) ® F^(A n (Ext 2 (M, i?))) v ) v ) 
=^(Hom(Ext 3 (A, R), H^(F n (Ext 2 (M , R))))) 
=^(Hom(Ext 3 (A, R),H^(F n (K)))) 
=£(Rom(K, F n (K))) 



□ 



Remark 3.3. Although the length criterion does not hold in general, there do exist local Goren- 
stein rings such that the length criterion holds for all M and A. R would be nice to have a 
general method to identify such rings. 
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